Context. Recent mass measurements of two binary millisecond pulsars, PSR J1614-2230 and PSR J0751+1807 with a mass M = 1.97 ± 0.04 M⊙ and M = 1.26 ± 0.14 M⊙ respectively indicate a large span of masses for such objects, and possibly also a broad spectrum of neutron star masses born in core-collapse supernovae. Aims. Starting from a zero-age main sequence binary stage, we aim at inferring the masses of the progenitor neutron star of PSR J1614-2230 and PSR J0751+1807 by taking into account the differences in the evolutionary stages preceding their formation. Methods. Using simulations for the evolution of binary stars we reconstruct the evolutionary tracks leading to the formation of PSR J1614-2230 and PSR J0751+1807. We analyse in detail the spin evolution due to the accretion of matter from a disk in the medium-mass/low-mass X-ray binary. General relativistic effects and the damping of surface magnetic field associated with accretion are accounted for. We consider two equations of state of dense matter, one for purely nucleonic matter and the other one including a high density softening due to the appearance of hyperons, together with a selection of models for the neutron star magnetic field and its decay. Results. The estimated mass of the progenitor neutron stars of PSR J0751+1807 and PSR J1614-2230 could be as small as 1.1 M⊙ and 1.9 M⊙, respectively. These values weakly depend on the equation of state and the assumed model for the polar magnetic field and its accretion-induced decay. Conclusions. The masses of progenitor neutron star of recycled pulsars span over a broad interval, from 1.1 M⊙ to 1.9 M⊙. Including the effect of a slow Roche-lobe detachment phase, which as suggested recently by Tauris could be relevant for PSR J0751+1807, would make the lower mass limit even smaller. A realistic theory for core-collapse supernovae should account for this large range of mass.
Introduction
Millisecond radio pulsars (defined here as those with a spin period P < 10 ms) have several unique properties that make them very interesting objects to study, both observationally and theoretically. They are the most rapid stellar rotators, with frequency f = 1/P up to 716 Hz (Hessels et al., 2006) . Their periods are extremely stable, with typical period increase, due to the angular momentum loss associated with radiation,Ṗ ∼ 10 −20 s s −1 ∼ 10 −13 s yr −1 . Consequently, their polar magnetic fields (estimated from the timing properties) are three -four orders of magnitude weaker than those in normal radio pulsars, for which B p ≃ 10 12 G. According to the current theory of neutron star (NS) evolution, millisecond (radio) pulsars originate from "radio-dead" pulsars via the accretion-caused spin-up in low-mass X-ray binaries (LMXBs, see Alpar et al. 1982; Radhakrishnan & Srinivasan 1982) . During this "recycling" process, the rotation frequency increases from an initial value ∼ 0.1 Hz to a final ∼ 500 Hz in ∼ 10 8 − 10 9 yrs. The process is associated with the accreSend offprint requests to: M. Fortin tion of matter from the accretion disk around the NS. Millisecond X-ray pulsars become millisecond radio pulsars after the accretion process stops. This scenario has been corroborated by the detection of millisecond X-ray pulsations in LMXBs, interpreted as the manifestation of rotating and accreting NSs (Wijnands & van der Klis, 1998 ) and the observations of three objects transitioning from a state of accreting X-ray millisecond pulsar to one of radio millisecond pulsar and/or vice versa: PSR J1023+0038 (Archibald et al., 2009; Patruno et al., 2014) , PSR J1824-2452I (Papitto et al., 2013) and XSS J12270-4859 (Bassa et al., 2014) . The difference of three to four orders of magnitude in the magnetic field of millisecond and normal pulsars is explained either by the "burying" of the original magnetic field under a layer of accreted material (Bisnovatyi-Kogan & Komberg, 1971; Taam & van den Heuvel, 1986; Cumming et al., 2001) or/and by the Ohmic dissipation of electric currents in the accretion-heated crust (Romani, 1990; Geppert & Urpin, 1994) .
It is expected that the "recycling" process in LMXBs is a particularly widespread mechanism in dense stellar systems like globular clusters. This is in accordance with a specific structure of the millisecond radio pulsar population (Lorimer, 2008) . Out of a total of about 260 millisecond pulsars, more than half are in binaries, whereas for other (non-millisecond) pulsars this fraction is one order of magnitude smaller (∼ 4%). Simultaneously, about half (117) of all millisecond radio pulsars are located in 23 Galactic globular clusters. Finally, some 50% of the globular cluster millisecond pulsars are found in binary systems 1 (Manchester et al., 2005) .
The widely-accepted recycling mechanism in LMXBs suggests that rapid millisecond pulsars (say those with P < 5 ms) are likely to be massive. Therefore, they are important for the observational determination of the maximum allowable mass for neutron stars. This upper bound is a crucial constraint on the poorly known equation of state (EOS) at supra-nuclear density. The precise measurement of the mass M = 1.67 ± 0.02 M ⊙ of PSR J1903+0327 (Champion et al., 2008) and even more so, of 1.97±0.04 M ⊙ for PSR J1614-2230 (Demorest et al., 2010) confirmed that the population of millisecond pulsars contains massive NSs. The most massive pulsar to date is PSR J0348+0432 with M = 2.01 ± 0.04 M ⊙ (Antoniadis et al., 2013) . Its properties: a relatively long spin period (P = 39 ms) and a short orbital period (P orb = 2.46 hr) for a recycled pulsar together with the low mass of its helium white-dwarf companion (M WD = 0.17 M ⊙ ) is challenging for stellar evolution theory (see eg. Antoniadis et al. (2013) ) and its formation will not be addressed in the following. On the other side of the mass spectrum, PSR J0751+1807 has a mass of only 1.26 ± 0.14 M ⊙ (Nice et al., 2008) ; all measurements are given at 1σ confidence level. As for today, the masses of millisecond radio pulsars are therefore bracketed by 1.26 ± 0.14 M ⊙ and M=2.01 ± 0.04 M ⊙ . In the following we will focus on PSR J1614-2230 and PSR J0751+1807 which despite possessing extremely different masses have their P andṖ rather standard for millisecond pulsars and similar to each other.
The binary millisecond pulsars PSR J1614-2230 and PSR J0751+1807 are both located in the galactic disk. The fact that they do not belong to globular clusters is important for studying stellar evolution. Indeed globular clusters being very dense systems composed of thousands of stars, frequent stellar collisions may change the orbital parameters and sometimes even replace the companion star by another star, erasing the memory of the previous stages of evolution. Stellar evolution theory for binary stars aims at reconstructing the different stages at the origin of the formation of PSR J1614-2230 and PSR J0751+1807 and explaining their measured masses and other parameters, the masses of their white dwarf (WD) companions and the parameters of the binary orbits (collected in Table 1 ). In the case of PSR J1614-2230 this task was undertaken by Tauris et al. (2011) and Lin et al. (2011) . While we will utilize the results of Tauris et al. (2011) , we will concentrate on a refined description of the disk-accretion spin-up process that actually produced the observed object. The evolutionary scenario of the formation of PSR J0751+1807 will combine various elements of available evolutionary scenarios that led from a wide binary of two main sequence (MS) stars to the 1 ATNF Pulsar Catalogue http://www.atnf.csiro.au/people/pulsar/psrcat present NS+WD binary. Our main results will refer to the NS progenitors of PSR J1614-2230 and PSR J0751+1807, which turn out to be of very different masses. This may be interesting in the context of the (still incomplete) theory of formation of NSs in core-collapse supernovae.
The article is composed as follows: in Sect. 2, the evolutionary scenarios for the formation of the current binary systems PSR J1614-2230 and PSR J0751+1807 belong to are presented. Our model for the recycling process is explained in Sect. 3 and the details about the equation of state of dense matter, the model for the polar magnetic field and its accretion-induced decay are given in Sects. 4, 5 and 6, respectively. Results for PSR J1614-2230 and PSR J0751+1807 and bounds on the properties of the progenitor NS of these two pulsars are presented in Sects. 7 and 8.
Preliminary results of this work were presented at the CompStar 2011 Workshop in Catania, Italy, May 9-12, 2011, and at the IAU Symposium "Feeding compact objects: accretion on all scales" in Beijing, China, August 20-24, 2012 ).
Evolutionary scenarios of formation of two binaries
We begin by sketching the plausible evolutionary scenarios that could have led to the present binaries containing PSR J1614-2230 and PSR J0751+1807 with their white dwarf companions. We assume that in both cases the initial system is a binary of two main sequence stars of different masses: a more massive primary of initial mass M 1 will eventually produce a millisecond pulsar while a less massive secondary of initial mass M 2 will give birth to a white dwarf. The scenarios presented here are but brief and approximate summaries based on existing work. For PSR J1614-2230 we rely on Tauris et al. (2011) and select their Case A, with some modifications explained in the text. For the PSR J0751+1807 binary, where no detailed evolutionary calculations exist, we construct a scenario using the material available in de Loore & Doom (1993) and Tauris & van den Heuvel (2006) . Main stages of the evolution leading to PSR J1614-2230 and PSR J0751+1807 binaries are schematically presented in Fig. 1 and Fig. 2 . It has been recently pointed out that the terminal phase of the Roche lobe overflow (RLO) stage could be associated with an angular momentum loss of spun-up NS (Tauris, 2012) . This is related to an expansion of the magnetosphere accompanied by a decreasing accretion rate, and the breaking of the quasi-equilibrium character of the spin evolution. The gradual switching-off of accretion occurs through the Roche lobe detachment phase (RLDP). If the duration of this phase, t RLDP , is much smaller than the timescale to transmit the effect of braking to NS t torque , then the effect of the RLDP spin-down is negligible compared to spin up during the LMXB stage, or intermediate-mass X-ray binary (IMXB) stage. This was shown to be the case of PSR J1614-2230 . This millisecond pulsar has a CO WD companion and was demonstrated to have its IMXB stage terminated by a rapid (t RLDP ≪ t torque ) RLDP. However, PSR J0751+1807 has a He WD companion, and it is expected that the LMXB stage terminates there by a slow RLDP, so that the accreted mass that we calculate neglecting the RLDP effect is an underestimate. An example of a slow RLDP is illustrated in Fig. 7 of Tauris et al. Table 1 . Measured parameters of the binary pulsars PSR J1614-2230 and PSR J0751+1807 and the masses of their white dwarf companions (B 0 is the canonical value of the magnetic field obtained using the dipole formula (Eq. 3) for the 'canonical' NS radius and the moment of inertia: R 0 = 10 km and I 0 = 10 45 g cm 2 ). (2012), but it refers to a binary millisecond pulsar that is quite different from PSR J0751+1807. It has P = 5.2 ms, instead of 3.48 ms for PSR J0751+1807. Incidentally, in this example the NS rotation period just before the RLDP coincides with present period of PSR J0751+1807 (which we get by construction at the end of our LMXB stage). An expected effect of inclusion of the RLDP braking on the accreted mass required to reproduce the present period of PSR J0751+1807 will be discussed in Sect. 9. Predicted masses, timescales, and orbital periods referring to each stage, collected in Table 2 , are but approximate estimates. We will stress the differences in the evolutionary scenarios, conditioned by the present parameters of the pulsars and their white dwarf companions.
PSR J1614-2230
A: main sequence (MS) At the zero-age main sequence (ZAMS) M 1 = 25 M ⊙ and M 2 = 4.5 M ⊙ , and the orbital period is ∼ 1 yr. After 5 × 10 6 yrs, the primary becomes a red giant (RG) and its envelope absorbs the main sequence secondary. In this way the binary enters a brief (∼ 10 3 yrs) common envelope stage.
Fig. 2.
Main stages of the evolution of the binary system at the origin of PSR J0751+1807, accompanied by a 0.12 M ⊙ WD (detailed description in text). A -main sequence stage, B -common envelope stage (secondary inside the primary), C -the primary becomes a He star, D -core collapse supernova explosion of the primary, E -Roche lobe filling of the secondary, F -low-mass X-ray binary and recycling stage, G -secondary hydrogen envelope ejection, H -current state (tight binary with the pulsar evaporating the WD).
B and C: common envelope (CE)
The secondary star spirals within the primary, transferring its angular momentum to a weakly-bound envelope. As a consequence, the envelope is shed away on a timescale of ∼ 10 3 yrs. Accretion onto the secondary within the CE can be neglected. What remains out of the primary is a helium star M He,1 = 7 M ⊙ , in a binary with a MS secondary. Notice that M He,1 > 8 M ⊙ would have collapsed into a black hole instead of a NS. As an outcome of the CE stage, 18 M ⊙ has been ejected from the binary, taking away the angular momentum, and causing the binary to shrink and shortening its orbital period.
D: Supernova (SN)
The helium star of M He,1 = 7 M ⊙ collapses into a massive NS of M NS = 1.9 M ⊙ , while as much as 5 M ⊙ is ejected in a SNII explosion. The orbit becomes strongly eccentric. The angular momentum loss during CE stage and SNII explosion makes orbital period decreasing to 2 days. A massive radio pulsar is born at the SNII center. After ∼ 10 6 yrs the magnetic-dipole braking of the pulsar rotation slows its rotation period to a few seconds. With its initial polar magnetic field ∼ 10 12 G, the NS can no longer sustain a magnetosphere and enters the pulsar graveyard. 5 × 10 7 yrs after the ZAMS stage, the secondary leaves the MS.
E: Intermediate-mass X-ray binary The binary enters the stage of the intermediate-mass X-ray binary, called so because the donor star has initial mass of 4.5 M ⊙ , substantially larger than ∼ 2 M ⊙ characteristic of the initial stage of low-mass X-ray binaries. After leaving the MS, the 4.5 M ⊙ secondary becomes a RG star which is thermally unstable. This instability, acting on a thermal timescale ∼ 10 6 y, induces a rapid mass loss (Langer et al. , 2000) . The secondary loses 3.4 M ⊙ , and decreases its mass to 1.1 M ⊙ . The mass accreted by NS is assumed to be negligible, at most 0.01 M ⊙ . The system enters the low-mass X-ray binary stage.
F: Low-mass X-ray binary This is the stage of the spin-up (recycling) of a dead pulsar via disk accretion from its companion (donor) star. Accretion onto NS induces dissipation of its magnetic field to the present-day ∼ 10 8 G inferred from the measuredṖ . During ∼ 5 × 10 7 yrs of the LMXB stage, NS is spun-up to 317 Hz by accreting matter from the accretion disk.
G: Secondary envelope ejection The LMXB stage ends when the secondary ejects its hydrogen-helium envelope, leaving a 0.5 M ⊙ white dwarf at the center. The binary orbit is circularized during the LMXB stage due to the tidal dissipation, and the orbit eccentricity goes down to e ∼ 10 −6 . H: Current state The evolution of the binary in the IMXB-LMXB stage is dominated by the mass loss, which implies a substantial widening of the pulsar orbit, with P orb increasing to the present value of 8.7 d. The final orbit is so wide that the evaporation of the WD, due to the pulsar irradiation, is negligible.
PSR J0751+1807
A: Main sequence At the ZAMS the components are M 1 = 15 M ⊙ and M 2 = 1.6 M ⊙ , and the orbital period is ∼ 5 yr. In 10 7 yr, the primary becomes a red giant and absorbs the main sequence secondary: a brief (∼ 10 3 yrs) common envelope stage follows.
B and C: Common envelope The secondary star spirals towards the center of the primary, transferring angular momentum to the primary's envelope. As a consequence, the envelope is shed away on a timescale of ∼ 10 3 yrs. The rest of the primary reduces then to a helium star M He,1 = 5 M ⊙ , in a binary with a MS secondary. The envelope of 10 M ⊙ is ejected from the binary, taking away angular momentum, and making the orbit shrink. The orbital period is being reduced to 1 d.
D and E: Primary supernova explosion and Roche-lobe filling of the secondary The evolved core of the helium-star primary collapses into a light NS: M NS = 1.1 M ⊙ , with most of the mass of the primary being ejected in a SNII explosion. The orbital period increases to 1.5 d. A low-mass radio pulsar is born at the SNII center. After 10 6 yrs this NS enters the pulsar graveyard. Then, 2 × 10 9 yrs after the ZAMS stage, the secondary evolves into a red giant. It fills its Roche lobe and the binary enters the stage of the low-mass X-ray binary.
F: Low-mass X-ray binary During 4 × 10 8 yrs the pulsar is spun-up by matter falling from an accretion-disk. Its magnetic field is buried by the accreted matter, down to ∼ 10 8 G derived from the presentṖ . The NS is spun-up to 287 Hz by accretion from the disk.
G: Secondary envelope ejection At the end of the red giant phase, the secondary loses its H envelope of 1.3 M ⊙ , exposing a central white dwarf of 0.3 M ⊙ . After accretion has stopped, the pulsar activity restarts. The value of P orb at the beginning of mass transfer is below the bifurcation period P bif ∼ 2 − 3 d , so that at the LMXB stage P orb decreases in time (see Tauris & van den Heuvel 2006  and references therein) .
H: Current state The present millisecond pulsarwhite dwarf binary is highly relativistic, with an orbital period of only 6 h. The orbit, highly eccentric after the SNII explosion, has been circularized due to the tidal interactions of NS with the secondary, down to e ∼ 10 −4 . The binary is so tight that the irradiation of the WD by the millisecond pulsar leads to the WD surface evaporation, resulting in the WD mass loss of 0.18 M ⊙ , down to the present M WD = 0.12 M ⊙ .
Differences in evolutionary scenarios and their causes
We have assumed that both binary systems, hereafter referred to as H (heavy) and L (light), resulted from the evolution of binaries that originally consisted of two ZAMS stars. Therefore, striking differences between today's NS+WD binaries are the imprint of the initial conditions. Heavy NS(H) originated from 25 M ⊙ ZAMS primary star, to be compared with 15 M ⊙ ZAMS progenitor of NS(L). Even more dramatic is the difference between the ZAMS masses of progenitors (secondaries) of WD-s:
The ZAMS masses of stars in the H-binary are significantly larger than the masses of their counterparts in the L-binary. Consequently, H-binary evolution timescales are significantly shorter the L-binary ones. The formation of the 1st RG star in the H-binary requires a half of the time needed for this in the L-binary. The 2nd RG in the Hbinary is formed after 5 × 10 7 yr, which is only 5% of the time needed for that in the L-binary.
As much as 18 M ⊙ is lost by the H-binary during the CE stage, nearly double of the mass loss from the L-binary during CE-evolution.
The H-binary orbital evolution at the IMXB-LMXB stage has to be dominated by the mass loss, so that P orb can increase from 2 d after SNII explosion to today's 8.9 d. The L-binary goes through the LMXB stage only. In contrast to the H-case, L-binary's orbital evolution has to be dominated by angular momentum loss, to allow P orb to decrease from 1.5 d just after the SNII, down to 6 h today. This has important consequences for the WD(L). As P orb (H) = 35P orb (L), the evaporation of WD irradiated by the pulsar companion, crucial for the mass loss of WD(L) down to 0.12 M ⊙ , was negligible for the WD(H).
Spin-up by accretion
Let us now shortly summarize the model for the recycling process, i.e., the spin-up of a progenitor NS by accretion of matter from a thin disk leading to the formation of a millisecond pulsar. Our approach follows Bejger et al. (2011a) , and is here applied to the two pulsars PSR J1614-2230 and PSR J0751+1807. We assume that the evolution of an accreting NS can be described by a sequence of stationary rotating configurations of increasing baryon mass, obtained for an assumed EOS. The increase of the total stellar angular momentum J is calculated by taking into account the transfer of the specific orbital angular momentum l 0 of a particle accreted from the thin Keplerian disk at a distance r 0 from the center. It results from the interaction of the disk with the NS magnetic field and is obtained using the prescription for the magnetic torque by Kluźniak & Rappaport (2007) . The spin evolution of an accreting NS results from the interplay between the spinning up due to the accretion of matter associated with angular momentum transfer, and the braking due to the interaction between the NS magnetic field and the accretion disk. For details of the implementation and tests, see Bejger et al. (2011a) .
The modeling of the accretion phase consists in adjusting the value of the mass M 0 , the magnetic field B i of the progenitor NS and the mean accretion rateṀ so that, at the end of the accretion process, the NS has its configuration, ie. its mass M , rotation period P , or equivalently frequency f , and magnetic field B, coinciding with the one of a given millisecond pulsar.
Equations of state
The EOS of dense cores of NSs is up to now still poorly known. This is due to, on the one hand, a lack of knowledge of strong interaction in dense matter, and on the other hand, deficiencies of available many-body theories of dense matter. This uncertainty was reflected so far in a rather broad scatter of theoretically-derived and EOSdependent maximum allowable mass for NSs (see, e.g. Haensel et al. 2007 ). Fortunately, the recent measurements of the mass of PSR J1614-2230: M = 1.97 ± 0.04 M ⊙ (Demorest et al., 2010) and PSR J0348+0432: M = 2.01 ± 0.04 M ⊙ (Antoniadis et al., 2013) introduce a rather strong constraint on M max . It implies that the (true) EOS is rather stiff. To illustrate the remaining uncertainty, we considered two different models for dense matter:
DH (Douchin & Haensel 2001) . It is a non-relativistic model for the simplest-possible composition of matter: neutrons, protons, electrons, and muons in β-equilibrium. The energy density functional is based on the SLy4 effective nuclear interaction. The model describes in a unified way both the dense liquid core of NS and its crust. This EOS yields a maximum mass M max = 2.05 M ⊙ and a circumferential radius at maximum mass R Mmax = 10.0 km (for a non-rotating configuration).
BM (Bednarek et al. 2012) . It is a nonlinear relativistic model that allows for a softening due to the appearance of hyperons at ∼ 6 × 10 14 g cm −3 . The nonlinear Lagrangian includes up to quartic terms in the meson fields. The meson fields σωρ are coupled to nucleons and hyperons, and hidden-strangeness meson fields σ ⋆ and φ couple to hyperons only. The vector meson φ generates high-density repulsion between hyperons. The EOS is calculated in the mean field approximation. It yields M max = 2.03 M ⊙ and R Mmax = 10.7 km (for a nonrotating configuration).
Polar magnetic field of a pulsar
Only an estimate of the polar magnetic field B p of a given pulsar can be obtained if its rotational period P and period derivativeṖ are known. Assuming that the pulsar is a rotating magnetic dipole and that its loss of rotational energy originates from the emission of electromagnetic radiation only, one derives the following classical dipole formula (see e.g., Haensel et al. 2007 ):
where α is the angle between the rotation and magnetic axes: 0 < α 90 • . For an aligned rotator, i.e., for α = 0 • , there is no spin-down which is physically incorrect.
However a more physically-sound formula has been derived by Spitkovsky (2006) , approximating solutions of the force-free relativistic MHD equations in the magnetosphere for both aligned and oblique rotators. For 0 α 90
• :
In order to test the dependence of the modeling on the estimate of the polar magnetic field of the pulsar during the recycling process, two different models will be considered in the following, each of them corresponding to a given value of the parameter β in the equation
In the above formulae, P ms the period in ms,Ṗ −20 the period derivative in units of 10 −20 s s −1 , I 45 the moment of inertia in units of 10 45 g cm 2 , R 6 the radius in 10 6 cm. The dimensionless parameter β takes the following value:
Model (a) for the dipole formula (1) and an orthogonal rotator (α = 90
• ): β 8 = 1.01. This corresponds in fact to taking the lowest possible value of the magnetic field for the magnetic dipole; Model (b) using Spitkovsky's formula (2) for an aligned rotator (α = 0
• ): β 8 = 0.83.
The second formula is consistent with the model of accretion disk presented in Kluźniak & Rappaport (2007) used here that assumes that the magnetic and the rotation axes are aligned. The first model, which is widely used in the literature, serves as a reference for comparison with previous works (e.g., Bejger et al. 2011a ).
With the above formulae, one can then calculate the value of the polar magnetic field of the pulsar during the spin-up process and at the end of it, consistently with the EOS, by taking the values of I and R for a NS rotating at the frequency and mass of interest. Note that in the last column of Table 1 , canonical values B 0 of the polar magnetic field are quoted, i.e., values obtained from Eq. (3) for the magnetic field model (a) and considering a nonrotating NS with canonical values for the radius and the moment of inertia: R 0 = 10 km and I 0 = 10 45 g cm 2 .
Decay of neutron star magnetic field in LMXBs and IMXBs
Although observations do not give any evidence of magnetic field decay during the radio pulsar phase, a substantial magnetic field decay (by some four orders of magnitude) is expected to occur during the "recycling" process in a LMXB, leading to the formation of a millisecond pulsar (Taam & van den Heuvel 1986 , for a review see Colpi et al. 2001) . The theoretical modeling of the accretion-induced decay of B p is a challenging task (for a review see Bejger et al. 2011a) . Considering current uncertainties in the modeling of the magnetic field decay accompanying the spin-up phase of a given millisecond pulsar, we will employ phenomenological models, based to some extent on observations of NSs in LMXBs. Taam & van den Heuvel (1986) analyzed several LMXBs of different age. They suggested a possible inverse correlation between B p and the total amount of accreted material. This suggestion was later confirmed in a study by van den Heuvel & Bitzaraki (1995) . After analyzing a subset of LMXBs, Shibazaki et al. (1989) proposed to approximate the inverse correlation between B p and accreted mass by a formula
where B i is the initial (pre-accretion) magnetic field, B p (M acc ) the magnetic field after the accretion of M acc = M τ , where τ is the duration of the accretion phase anḋ M the mean accretion rate. The scaling constant m B controls the pace of dissipation of B p with increasing M acc . The values m B = 10 −4 , 10 −5 M ⊙ are both consistent with the observed or estimated P, B and M acc of binary and isolated millisecond radio pulsars (Shibazaki et al., 1989; Francischelli et al., 2002) . In the following, we adopt the value m B = 10 −5 M ⊙ unless otherwise stated. The limitations and uncertainties of Eq. (4) have been reviewed in detail in Bejger et al. (2011a) . We will use Eq. (4) as our baseline description magnetic field decay in LMXBs Fig. 3 . Example of spin-up tracks of accreting NSs leading to the final configuration of PSR J1614-2230 for the BM EOS. The curves are labeled by the mean accretion rate (in M ⊙ /yr) and the initial magnetic field (in G) and the duration of the accretion phase. Fig. 4 . Mass of the accreted matter as a function of the time needed to spin-up the progenitor NS to the observed properties of PSR J1614-2230 (i.e., M , B and f ), for the five models indicated in Table 3. and IMXBs. However, we also tested other phenomenological models for the magnetic field decay like the ones introduced in Kiel et al. (2008) , Os lowski et al. (2011) and Wijers (1997) . Our results hardly depend on the choice of a specific model (for details see Fortin 2012). Fig. 3 , but for the pulsar J0751+1807.
The aim of our analysis is to obtain evolutionary tracks that lead to the formation of a millisecond pulsar whose mass, rotational frequency and magnetic field are equal to the values of PSR J1614-2230 or PSR J0751+1807 in order to infer some properties of the progenitor NS of these two extreme millisecond pulsars. 
PSR J1614-2230: lower bounds onṀ and the progenitor NS mass
Five different setups are employed in the modeling of the accretion phase leading to PSR J1614-2230 configuration: in the case of the DH EOS, the two models for the polar magnetic field are used, and for the BM EOS, three values of the mass of the millisecond pulsar corresponding to the lower, upper and central values of the 1σ mass interval. Their properties are indicated in Table 3 . Figure 3 shows different spin-up tracks for the BM EOS and the model for the magnetic field (a), i.e., the change , the radius R 6 (in 10 6 cm) and of the polar magnetic field (in 10 8 G). The latter is obtained from Eq. (3) for the different models of polar magnetic field, the two EOSs and the extrema and central values of the measured mass interval at 1σ level. of the spin frequency with the mass of the accreting NS, for a set of initial (pre-accretion) masses, magnetic fields of the progenitor NS and accretion rates. At the end of the recycling process, the final M , B and f match the values observed in PSR J1614-2230. As noted in Bejger et al. (2011a) , spin-up tracks with a non-zero initial frequency, which is expected for newly-born NSs, are indistinguishable from those with a zero initial frequency after a time scale of 10 6 years, much shorter than the ones typical for the recycling process. Note that spin-up tracks 1, 2 and 3 in Fig. 3 are only plotted for illustrative purposes since the duration of the accretion phase necessary to reach PSR J1614-2230 configuration is too long to be physically relevant as shown in section 2.
EOS Mass (M⊙)
Tracks 4 and 4', that are indistinguishable from one another, are obtained for m B = 10 −5 and 10 −4 M ⊙ respectively. For a given set of final magnetic field, mass and frequency, models with m B = 10 −4 and 10 −5 M ⊙ give equal values for the initial mass and the accretion rate. As a consequence of equation (4) 12 G, consistent with the inferred magnetic field of isolated radio pulsars B ∼ 10 11 −10 13 G (Manchester et al., 2005) . For the value m B = 10 −4 M ⊙ used in Bejger et al. (2011a Bejger et al. ( , 2013 and shown by track 4 ′ , B i ∼ 10 11 G which is less in agreement with the observational data.
In the following two quantities will be used: the amount of accreted matter given by the relation M acc = M − M 0 and the duration of the accretion phase: τ = M acc /Ṁ .
In order to reach the mass of PSR J1614-2230, a lowmass progenitor NS has to accrete more matter than a high-mass one and therefore undergoes a larger decay of its magnetic field according to Eq. (4). Consequently, its pre-accretion magnetic field was larger. The duration of the accretion phase is also longer for a low-mass progenitor than a high-mass one. Fig. 4 is consistent with the existence of a minimum amount of mass that is necessarily accreted so that the progenitor NS is spun-up to the frequency of the millisecond pulsar. However, the shorter the accretion phase, the larger the accretion rate, as shown in Fig. 5 . Note that for an unrealistic short duration of the recycling τ 2 Myr, the model predicts that accretion proceeds at a rate larger than the Eddington rate. Model (b) gives smaller values for B p than dipole model (a) at all stages of the recycling process. Therefore, the magnetic torque that opposes the spin up of the accreting NS is smaller for model (b) making the recycling process more efficient. Thus less accreted matter is necessary to reach the millisecond pulsar configuration. Moreover, since M acc is smaller for model (b), so is the mean accretion rate in the recycling process for given accretion time τ (see Fig.  5 ).
Using evolutionary arguments one can constraint the minimal mass of the progenitor NS mass M 0 at the onset of accretion. Following Tauris et al. (2011) , for an accretion phase lasting at most ≃ 50 Myr, the progenitor NS must have accreted less than ≃ 0.06 M ⊙ . Therefore the progenitor NS was born massive independently of the EOS: M 0 ≃ 1.9 M ⊙ . Such a configuration is illustrated by the spin-up track 4 in Fig. 3 .
Assuming that the accretion time is well-constrained, one can also estimate the mean accretion rate using the currently-observed parameters of PSR J1614-2230. Fig. 5 givesṀ > (1.0 − 1.4) · 10 −9 M ⊙ /yr, the lower value corresponding to the DH EOS. A similar approach is applied to PSR J0751+1807. The properties of the five models are presented in table 4 and 10 −5 M ⊙ lies in the value of the initial magnetic field. Note however that for PSR J1614-2230, the amount of accreted matter needed to spin up the pulsar and the mean accretion rate decrease with increasing final mass of the pulsar. This is visualized by the order of the curves corresponding to masses 1.93, 1.97, 2.01 M ⊙ in Figs. 4 and 5. This behavior is opposite to that found for PSR J0751+1807 (Figs. 7 and 8) .
The reason is the non-monotonic dependence of the moment of inertia I (and total angular momentum of a star rotating at a fixed frequency) on the stellar mass M (Bejger, 2013) . For example for the BM EOS, for masses smaller than 1.8 M ⊙ I increases with M and a larger mass corresponds to a larger total angular momentum. As a consequence for an equal transfer of angular momentum by accretion, a larger time is needed to spin up the star to a given frequency. The situation is opposite close to the maximum mass (for M > 1.85 M ⊙ for BM model) where I decreases with M (see tables 3 and 4).
As Fig. 7 indicates, assuming that the accretion proceeds at a rate lower than the Eddington rate for 400 Myr, the progenitor NS of PSR J0751+1807 acquired ∼ 0.035 − 0.05 M ⊙ which implies that it was born with a very low mass, ∼ 1.10 − 1.30 M ⊙ .
The wide range of possible mass for the progenitor stars of PSR J1614-2230 and PSR J0751+1807 puts stringent and challenging constraints on the modeling of supernova explosion and their outcome and on the EOS of hot dense matter, relevant for newly-born NSs.
Finally Fig. 9 shows the spin-up tracks in the mass M vs. equatorial radiusR eq diagram for the two pulsars. During the recycling phase, the two NSs undergo a remarkably different evolution in the M − R eq diagram: the equatorial radius of PSR J0751+1807 increases while the one of PSR J1614-2230 substantially decreases. The role of rotation at frequency ∼ 300 Hz is much more important for the structure and oblateness of a star with the mass 1.3 M ⊙ and radius 14 km than for a much more compact NS with M close to the maximum mass.
Discussion and conclusions
We present the modeling of the accretion-induced spin-up phase undergone by two milliseconds pulsars: the massive PSR J1614-2230 and the light PSR J0751+1807. Stationary and axisymmetric stellar configurations in general relativity together with a recent magnetic torque model and an observationally-motivated law for the decay of magnetic field are used in our calculations.
In agreement with our previous work, we show that including the effect of the NS magnetic field is crucial for a correct understanding of the formation of millisecond pulsars. The dependence of our results on the prescriptions used for the magnetic field accretion-induced decay, on the estimate of the polar magnetic field and on the EOS is remarkably small. According to our model, the mass of the progenitor NS, born in a SNII explosion, of PSR J1614-2230 was not smaller than 1.9 M ⊙ , and therefore was very close to the currently measured value. This value is ∼ 0.2 M ⊙ larger than NS progenitor mass obtained in Tauris et al. (2011 Tauris et al. ( , 2012 ; Lin et al. (2011) in which the accretion of 0.3 M ⊙ is required, while for our spin-up models, ∼ 0.06 M ⊙ is sufficient. This reflects the difference in the assumed spin-up models during the LMXB stage. Note that in our model the equilibrium frequency, defined as the frequency at which the spin-up torque due to the accretion of matter and the braking one due to the influence of the NS magnetic field exactly compensate, is never reached. For example for the realistic spin-up track 4 in Figure 3 , the equilibrium frequency is ∼ 488Hz as compared to the 317 Hz rotational frequency of PSR J1614-2230. In our calculations, accretion proceeds from the radius r 0 which is larger by construction (Kluźniak & Rappaport, 2007) than the magnetospheric radius r mag at which the inner boundary of the accretion disk is located in Tauris et al. (2012) . As a consequence, the specific angular momentum is larger for a particle accreted from a radius r 0 as compared to one from r mag . Since the counteracting magnetic torque is smaller than the spin-up one, the accretion process is more efficient in our model than in the one in Tauris et al. (2011 Tauris et al. ( , 2012 and therefore less matter is necessary to spin up the NS to the rotational frequency of PSR J1614-2230.
The progenitor of PSR J0751+1807 was itself born with a very low mass, which as we estimate could be as low as 1.1 M ⊙ . The Roche lobe decoupling phase (RLDP), suggested recently by Tauris (2012) ; Tauris et al. (2012) is related to some additional quasi-spherical accretion. Although we do not model the RLDP, we estimate the additional M acc (RLDP) as follows: assuming slow RLDP with the timescale of ≃ 50 Myr and the pre-RLDP accretion ratė M ∼ 10 −10 M ⊙ /yr in the case of PSR J0751+1807, the upper limit on M acc (RLDP) is 0.005 M ⊙ . Realistically, it is likely to be smaller due to rapidly decreasingṀ , and also due to the fact that some amount of the matter is ejected during the propeller phase. Taking into account the fact that before the RLDP phase pulsar should have been spun up to a higher frequency than the one observed now, by accreting more mass before this phase, we can therefore estimate that the total accreted mass by this system is still smaller than 0.1 M ⊙ .
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